ABSTRACT. In this article, we prove a strong version of local Bertini theorem for normality on local rings in mixed characteristic. The main result asserts that a generic hyperplane section of a normal, Cohen-Macaulay, and complete local domain of dimension at least 3 is normal. Applications include the study of characteristic ideals attached to torsion modules over Noetherian normal domains, which is fundamental in the study of Euler system theory over normal domains and Iwasawa main conjectures.
INTRODUCTION
The classical Bertini theorem says that a generic hyperplane section of a smooth complex projective variety is smooth. A (local) Bertini theorem may be stated for a local ring (R, m, k) as follows. Let P be a ring-theoretic property (e.g. regular, reduced, normal, seminormal and so on). Then if R is P and x ∈ m is a nonzero divisor, then is it true that R/xR is so for a generic choice of x? A local Bertini theorem (in a slightly weak form) was first raised by Grothendieck ([4] , Exposé XIII, Conjecture 2.6) and was proved by Flenner [1] . It was, however, found later that his proof had a small gap in the mixed characteristic case, and the proof was finally remedied by Trivedi [13] . In this article, for an ideal I ⊆ R, we denote by D(I) the set of all primes of R which do not contain I, and by V(I) the complement of D(I) in Spec R. Before stating our main theorems, let us recall the following result from [1] : Theorem 1.1 (Flenner-Trivedi) . Let (R, m) be a local Noetherian ring and let I ⊆ m be an ideal.
Assume that Q is a finite subset of D(I). Then there exists an element x ∈ I such that:
(1) x / ∈ p (2) for all p ∈ D(I); (2) x / ∈ p for all p ∈ Q;
if and only if R p /xR p is regular. Many ring-theoretic properties such as regular, normal, reduced can be verfied at the localization R p , which is the reason why we require x / ∈ p (2) (but not merely x / ∈ p 2 ), which is equivalent to the condition: x / ∈ p 2 R p ∩ R. A strong version of local Bertini theorem similar to our main theorem below was already proved for local rings containing a field in [1] . To extend his result to the mixed characteristic case, we need to introduce some new ideas. Theorem 1.1 does not suffice for our purpose, since it only assures us that there is an element x ∈ m for which R/xR is normal.
Here is our notation which will be used throughout: We denote by P n (S) (resp. A n (S)) the projective space (resp. an affine space) for a commutative ring S. In case when S is a field or a discrete valuation ring, we will consider these spaces as sets of points in the ring S endowed with some topology (see discussions in § 2). In these cases, every point a = (a 0 : · · · : a n ) ∈ P n (S) is normalized so that a i is a unit for some i. This implies that, for a complete discrete valuation ring A with residue field k, we have a specialization map Sp A : P n (A) → P n (k), which is well-defined. Let us now state our main theorem (see We will also discuss a version of the above theorem for the case when the residue field is finite at the end of § 4. This theorem allows us to find sufficiently many normal local domains of mixed characteristic as specializations. The above theorem does not tell us how to find U, but we will show how to find U in Example 4.9. It is worth pointing out that if dim R = 2, the local Bertini theorem fails due to a simple reason. In fact, if the quotient R/yR is normal, then it is a discrete valuation ring, so R must be regular. . . , z d under this surjection. Related to our main result, we remark the following converse which might be known to experts, but we find no standrd reference: Remark 1.2. Let (R, m) be a local ring and y ∈ m a nonzero divisor. If R/yR is normal, then so is R. This will be done by showing that R satisfies both Serre's (R 1 ) and (S 2 ).
Let P be a prime such that ht P = 1. If P = yR, then R P is regular. If P = yR, then we can find a height 2 prime Q containing both y and P, the (R 1 ) condition on R/yR assures that the image Q of Q in (R/yR) Q is principal, which implies that Q is generated by at most 2 elements. Hence R P is regular.
Next, let P be a prime such that ht P ≥ 2. If y ∈ P, we have depth P R ≥ 2, because y is a nonzero divisor and P / ∈ Ass(yR). If y / ∈ P and Q is a minimal prime over P + yR, then we have depth Q R/yR ≥ 2, due to the (S 2 ) condition on R/yR. Thus depth Q R ≥ 3. Since ht Q/P = 1, it follows that depth Q R ≤ depth P R + 1, say depth P R ≥ 2. This completes the proof.
In § 7, we prove some basic results on characteristic ideals over general normal domains. As an application, we prove an important result (see Theorem 8.7 in § 8) on characteristic ideals attached to torsion modules over normal domains via local Bertini theorem. This result will be crucial in a forthcoming paper [9] , where we plan to study certain torsion modules arising from Iwasawa theory as developed in [8] (for example, those torsion modules arising as the Pontryagin dual of Selmer groups associated with two-dimensional Galois representations of certain type with values in a complete local ring with finite residue field). In the present article, we often make use of a lemma of "generic freeness" for which we refer to ( [5] , Theorem 24.1).
SPECIALIZATION MAP AND THE TOPOLOGY FOR BERTINI-TYPE THEOREMS
Let us discuss the specialization map on the projective spaces. Let A be a complete discrete valuation ring and let a := (a 0 : · · · : a n ) ∈ P n (A). Then we may normalize a so that a = (b 0 : · · · : b n ) ∈ P n (A) and some b i is a unit of A. So we may think of the projective space as P n (A) = {(a 0 : · · · : a n ) ∈ P n (A) | |a i | = 1 for some i} for the normalized valuation | · | : A → R ≥0 . Let k be the residue field of A. Then reducing a to a point a = (b 0 : · · · : b n ) ∈ P n (k), we have constructed the map:
called the specialization map. This map does not depend on the choice of the representative of a ∈ P n (A) as above. The set P n (k) is endowed with the Zariski topology, while P n (A) is endowed with the topology induced by the valuation on A. Hence, we simply regard P n (A) as a set of points equipped with this topology. For more details, see the remark below. We refer the reader to [2] for the rigid geometry and the following fact. In what follows, a coefficient ring will be considered as a fixed one. We denote by Loc.alg /A the category of local A-algebras that are obtained as quotients of all local rings having A as their fixed coefficient ring. Note that objects of Loc.alg /A also include local k-algebras. Definition 2.3. With the notation as above, assume that P is a ring-theoretic property on Noetherian rings and fix (R, m, k) ∈ Loc.alg /A . We say that the "local Bertini theorem" holds for P, if a set of minimal generators x 0 , . . . , x n of m is given, then there exists a Zariski dense open subset U ⊆ P n (k) such that R/x a R has P for all a = (a 0 , . . . , a n ) ∈ Sp
The "local Bertini theorem" can be formulated in a different way. For example, the maximal ideal m may be replaced with a smaller ideal. But we adopt the above definition.
Remark 2.4. The naturality of the above formalism is explained as follows. We endow P n (k) with the Zariski topology. Let f ∈ k[x 0 , . . . , x n ] be a nonzero homogeneous polynomial, let f ∈ A[x 0 , . . . , x n ] be any fixed homogeneous lifting of f , and let U f ⊆ P n (k) be an open subset defined by f = 0. Then the inverse image of the open subset U f under the map Sp A : P n (A) → P n (k) can be described as follows. We have
for the normalized valuation | · | : A → R ≥0 , which is an admissible open subset of P n (A). Our objective is to show that this topology is adequate in formulating the local Bertini theorem in the mixed characteristic case. 
A · m i for a set of elements m 1 , . . . , m k of M and r satisfying 0 ≤ r ≤ k − 1 and pick a prime ideal p of A. Then
We shall use (finite) Kähler differentials. For a complete local ring (R, m) with its coefficient ring A, the usual module of Kähler differentials Ω R/A is not a finite R-module.
Instead, one uses the completed module Ω R/A . This is the m-adic completion of Ω R/A and it is a finite R-module. It can be also defined as follows. Let I denote the kernel of
The connection of Kähler differential modules with the symbolic power ideals is expressed by the following fact (see [1] , Lemma 2.2 for its proof. As a remark, there is an isomorphism 
Proof. We may assume that all rings that appear below are reduced by taking their reduced part and we are still in the stated hypothesis. If U = ∅, then there is nothing to prove. So assume U = ∅ and further R = R red . Then by the generic freeness, there exists f ∈ A such that the following conditions hold:
Let us consider the lemma over
From this presentation, it is easy to see that the element
be the natural mapping and let V(F 1 , . . . , F r ) cl be the Zariski closure of the image of
Under the condition (4) above, we claim the following inequality:
, and thus we have
Then it follows from the equality ht(F 1 , . . . ,
as desired. Note that even when r = 0, the above proof still works and (F 1 , . . . , F r ) = 0 in this case. We have thus proved the lemma over
Next, suppose we have proved the lemma over U ∩ Spec(R/I) for any nonzero ideal I ⊆ R. In particular, the lemma holds on both U ∩ Spec(R/( f )) and U ∩ Spec(R[ f −1 ]) for f ∈ R as above, respectively. By combining these together, we obtain an ideal (F 1 , . . . , F r ) together with the required dimension bound (for this, one uses the fact V(I · J) = V(I) ∪ V(J) for ideals I, J). Thus, it suffices to prove the lemma over U ∩ Spec(R/( f )). Suppose we have constructed an increasing chain of radical ideals:
and f i+1 ∈ R i is chosen, so that the conditions (1) through (4) above hold on R i and the conclusion of the lemma on
then we could stop the induction at R i−1 . Since R is Noetherian, the above sequence stabilizes for some i. Then this implies that f i+1 = 0. If R i = 0, then we could have found a nonzero f i+1 due to the generic freeness. So, f i+1 = 0 implies that we have chosen f i as a unit in R i−1 , making R i = 0. Therefore, all the conditions (1) through (4) are already satisfied on R i−1 without localizing it, and we have already finished the proof of the case under such conditions. Therefore, an inductive argument yields a proof on U ∩ Spec R. This completes the proof of the lemma.
As a corollary, we obtain the following. Proof. Recall that for a finite projective R-module N, x ∈ N is basic at p ∈ Spec R if and only if R p · x spans a direct summand of N p , which is an open property. We may assume that R is reduced, so that there exists f ∈ R for which
MAIN THEOREMS
In this section, we establish main theorems. Let us collect some facts for later use. A local domain S is catenary, if and only if ht p + dim S/p = dim S for all p ∈ Spec S. Let (R, m) be an equi-dimensional catenary local ring and suppose x ∈ m is a parameter.
Indeed, any prime ideal P of R that is the largest possible one such that x / ∈ P has ht P = dim R − 1. In particular, let P and P ′ be such prime ideals.
Then ht P = ht P ′ and this fact plays a role later. We also need some lemmas: 
Proof. The map R → T is local flat and dim R = dim T and thus, Spec T → Spec R is surjective. To show injectivity, note that pT ∈ Spec T for any p ∈ Spec R by the construction of T from R. Now take P ∈ Spec T such that P ∩ R = p. Then we have pT ⊆ P and thus, ht(pT) ≤ ht P. Then we need to show that pT = P. For a contradiction, assume pT P.
First, consider the case that ht(pT) = ht P. Then this is a contradiction to ht(pT) < ht P. Hence pT = P in this case.
Next, consider the case that ht(pT) < ht P and take a saturated chain of primes in T:
where m T is the unique maximal ideal of T. Then by casting away the redundant primes (if they exist),
is a saturated chain of primes in R, since qT is a prime ideal and q = qT ∩ R for any q ∈ Spec R. However, the assumption ht(pT) < ht P shows that the length of P 2 is strictly shorter than that of P 1 . Since both R and T are catenary local domains and dim R = dim T, this gives a contradiction and we must have ht(pT) = ht P. Hence pT = P in any case and Spec T → Spec R is injective, as desired.
The authors do not know if the above lemma holds in a more general setting for a local ring (R, m). 
Then there exists a Zariski dense open subset V
for every prime p of R and a = (a 0 :
It is noted that x 0 , x 1 , . . . , x d are not a system of parameters of R unless it is regular.
Proof. It is clear that for
This implies that our statement for x a holds on P d (A). Note that the R-module Ω R/A is generated by dx 0 , . . . , dx d and Supp Ω R/A = Spec R. We first establish the theorem on the open subset:
Let us consider the proof over the ring R[x
, Lemma 2.6, or [13] , Lemma 2) that for p ∈ D(x i ), we have by the preceding remark on the dimension of
Under the notation being as above and applying Lemma 3.3 for the R-module
Then we have a flat local map of local rings:
in which all rings are catenary local domains, and dim R = dim T.
Then combining the dimension equality for the catenary local domain T, together with the inequality ( * ) above, it follows that
i ] consists of finitely many maximal ideals, and
Since an open set is covered by basic open subsets, Noetherian induction reduces to
(this is actually satisfied for some a, since the residue field of R (or A) is infinite). Then
i ]. Now we get the following implication. Take
By carrying out the same process for all
Then if G(a) / ∈ m, there exists a finite set of primes {p 1 , . . . , p r } in R such that ht p i = dim R − 1 for all i, and for every p ∈ Spec R\{p 1 , . . . , p r , m}, we have
So it remains to deal with the issue on a finite set {p 1 , . . . , p r , m}. First, to satisfy x a / ∈ m 2 , it suffices to have that a i ∈ A × for some i by Nakayama's lemma, since x 0 , . . . , x d are the minimal generators of m. So modifying G, we may assume henceforth that
To deal with the issue on {p 1 , . . . , p r }, take the homogeneous polynomial:
To prove the theorem, it suffices to force ∑ d i=0 a i x i / ∈ p j for all 1 ≤ j ≤ r. Then for each 1 ≤ j ≤ r, we have
which is stable under taking multiplication by elements of A × .
Our final goal is to identify the set of points of P d (A) satisfying the condition ( * * ) and describe it as the inverse image of an open subset under the map Sp A :
It is clear that the ideal of R generated by the set:
Since the union of all primes p 1 , . . . , p r is strictly contained in m,
We will use this fact just below.
Case1:
Assume that π A ∈ p j for some j. Let R j be the localization of R at p j . Then A → R j is a flat local map of local rings, say R j is of mixed characteristic. Let m j be the maximal ideal of R j and let k j := R j /m j . Then we have a mapping:
The condition that the reduced polynomial F(a 0 , . . . , a d ) is nonzero on the projective space
is a dense open subset, as the field k is infinite.
Case2:
Assume that π A / ∈ p j for some j. In this case, notations being as in (i), we have a mapping: 
Combining both Case1 and Case2 together, 
Proof. The first step of the proof of the theorem has been completed in Theorem 4.3. Taking V ⊆ P d (k) as given in Theorem 4.3 and denoting by Reg(R) the regular locus of R, we find that
Let us explain some basic ideas. In this proof, after some preparations, we give a candidate of U ⊆ P d (k) for our theorem as a Zariski open subset U ⊆ V. In Step1 below we prove that U is non-empty. Then in Step2, we will show that the quotients R/x a R with a ∈ Sp −1 A (U) satisfy the well-known condtions (R 1 ) and (S 2 ) and thus are normal. Finally in Step3, we will show that the quotients R/x a R with a ∈ Sp
Then since R is a complete local domain, the singular locus Sing(X) is a proper closed subset. Hence the set of minimal primes in Sing(X) is finite, and let
Note that every prime in Q 1 has height ≥ 2 (due to the (S 2 ) condition on R). On the other hand,
is also a finite set ( [1] , Lemma 3.2 and the (S 2 ) condition on R). Now let Q 1 ∪ Q 2 := {p 1 , . . . , p m } and let
Then for each 1 ≤ j ≤ m, it follows that 
Step2: (i) If ht p > 2, then since x a avoids all primes in Q 2 , it follows that dim(R/x a R) p ≥ 2 and depth(R/x a R) p ≥ 2.
(ii) If ht p = 2, then since x a avoids all primes ideal in Q 1 and the height of every prime in Q 1 is at least 2, it follows that R p is regular. By (1), one finds that (R/x a R) p is a discrete valuation ring. On the other hand, the hypothesis that depth(R) ≥ 3 implies that depth(R/x a R) ≥ 2. Hence R/x a R is a normal domain in view of Serre's normality criterion.
Finally, it remains to make the quotient R/x a R into a local ring of mixed characteristic
Step3: Let {q 1 , . . . , q n } be a set of all height-one primes of R lying above π A . Then again, applying the discussion of Case1 and Case2 in the proof of Theorem 4.3 to {q 1 , . . . , q n }, we find a non-empty open subset
Combining ( 
which naturally forms a direct system, so the desired map θ O ur is given by its direct limit.
On the other hand, it is easy to see that the map θ O ur : F → O ur factors as This question asks that which subset of P d (A) parametrizes the set of height-one primes {x a R}. In other words, does it provide mutually distinct prime ideals of R? In the next section, we will answer the above question. In fact, we need to restrict to the set of those points which are in the image of the Teichmüller mapping. This fact will be important in the proof of the control theorem, which will be discussed later. We end this section with an example, which applies Theorem 4.4 and its proof for a given normal domain R. Example 4.9. This example deals with the finite residue field case, but the result is valid for any discrete valuation coefficient ring. Suppose that p ≥ 3 and Then we know
, the singular locus of R is defined by the ideal (x 1 , x 2 ,
To get a normal ring of mixed characteristic, take
where (z 0 : · · · : z 3 ) is the homogeneous coordinate of P 3 (F p ). Then x a / ∈ Q 1 . If we assume a 1 is a unit for simplicity, we see that
is a free module, in which the image of dx a spans a direct summand. On the other hand,
,
To show that the image of dx a is basic on Ω R/Z p /x 3 · Ω R/Z p , keep track of the same steps as above by inverting and killing first x 2 , and then x 1 .
Finally, if one takes
for every prime p of R, since p is a regular parameter. But dp = 0 and so the notion of basic elements is stronger than that of non-containment in the second symbolic power of a prime ideal.
DISTINCT HYPERPLANE SECTIONS IN LOCAL BERTINI THEOREM
In this section, we give an answer to Question 4.8. Assume that (R, m, k) is a complete local normal domain with perfect residue field of characteristic p > 0 with its coefficient ring W(k), the ring of Witt vectors. Then as previously, we have the mapping:
The following proposition asserts that the parameter set of specializations in the local Bertini theorem may be identified with an open subset
∈ m 2 , we put
a i x i .
Proposition 5.1. Let the notation and the hypothesis be as above, and let U
Proof. We need to divide the proof, according to the case
Case1: Assume π W(k) ∈ m 2 and denote by a i the image of
. Let P be its kernel and let k → W(k) be the Teichmüller mapping. Then we prove that
where M := (X 0 , . . . , X d ). Let f ∈ P be a nonzero element. Assume that 
But this gives a contradiction to the fact that x 0 , . . . , x d are the minimal generators of the maximal ideal of R/π W(k) R and that −h 0 ∈ (x 0 , . . . ,
In the next place, fix an arbitrary lifting 
Rewrite the above presentation as: 
Since P is a prime ideal, we deduce that
, we may consider the surjection
) and let P be its kernel. In this case, we claim that
where x a R = 0.
Proof. By the above proposition, the subset θ W(k) (U) ⊆ P d (W(k)) parametrizes the set of height-one primes {x a R} and it is infinite, since U is so by assumption. Since R is a Noetherian domain, every nonzero nonunit element of R has only finitely many prime divisors (of height one). Therefore, we have the claim. 
where P is the image of P in the quo-
, it follows that π A is part of minimal generators of the maximal ideal of R/x a R, as required.
SERRE'S CONDITIONS (R n ) AND (S n )
Let us briefly state Bertini theorems for the punctured spectra of local rings in the case when R satisfies Serre's conditions. The essence for these cases already appears in the proof of the Bertini theorem for normal rings. In the following corollary, the quotient R/x a R may fail to be reduced. As usual, we put X = Spec R − V(m) and 
Proof. We briefly sketch the proof of the corollary. Since R is complete local and reduced, the singular locus of R is non-empty. Thus, the set Q 1 := {p ∈ X | p is a minimal prime in Sing(X)} is finite. Let
which is also finite by ([1], lemma 3.2) . The proof is similar to that of Theorem 4.4. So it suffices to avoid the union of finite set of prime ideals in Q 1 ∪ Q 2 . Namely, for any a = (a 0 : · · · :
The above proof also shows that the Bertini theorem holds for mixed Serre's condi-
A (U) and all p ∈ X ∩ V(x a ). For instance, we obtain the Bertini theorem for reduced rings, since R is reduced ⇐⇒ R has (R 0 ) + (S 1 ). To be precise, we have the following version of Bertini theorem: Proof. By the previous corollary, R p /x a R p is reduced for all p ∈ X ∩ V(x a ). Since R is a local normal domain of dimension 2, we have depth R = 2. Hence R/x a R is reduced. To make the quotient R/x a R into a ring of mixed characteristic, it suffices to choose U such that π A is not a zero divisor of R/x a R. In fact, we may take x a so that it avoids the union of finitely many minimal prime divisors of π A R, since every system of parameters of R is a regular sequence. So the rest of the proof is similar to that of Theorem 4.4. Remark 6.3. In place of the hypothesis of Corollary 6.2, assume that R is only a domain.
Then can one find x a such that R/x a R is a domain as well? In the mixed characteristic case, the answer to this question is not clear yet. But there is a two-dimensional complete normal local domain over C without principal prime ideals at all (such an example is due to Laufer, as mentioned in [1] . However, an explicit example is not given there). In light of this, both Corollary 6.1 and Corollary 6.2 seem to be the best results.
CHARACTERISTIC IDEALS OF TORSION MODULES OVER NORMAL DOMAINS
Throughout this section, we assume that R is a Noetherian normal domain and M is a finitely generated torsion R-module. Then the localization of R at every height-one prime is a discrete valuaton ring. We introduce an invariant of the module M. For an ideal I of R, let M[I] denote the maximal submodule of M which is annihilated by I. We follow the definition of characteristic ideals by Skinner-Urban as in [11] . For more results and properties on characteristic ideals with its relation to the reflexive closure and the Fitting ideal, see § 9.
Definition 7.1. Let the notation be as above. Then the characteristic ideal is an ideal of R defined by
where v P (−) is the normalized valuation of R P .
Since M is torsion, ℓ R p (M p ) = 0 for all but finitely many height-one primes p of R and it suffices to take only height-one primes in the support of M in the definition. When M is not a torsion R-module, we put char R (M) = 0. 
Lemma 7.4 (Structure Theorem)
. Let M be a finitely generated torsion module over a Noetherian normal domain R. Then there exist a finite set of height-one primes {P i } i∈I (which is not necessarily a redundant set of height-one primes) and a set of natural numbers {e i } i∈I such that there is a homomorphism:
that is a pseudo-isomorphism. Moreover, both {P i } i∈I and {e i } i∈I are uniquely determined.
Henceforth, we use the notation M ≈ N to indicate that there is a pseudo-isomorphism between M and N. As mentioned before, the formation of characteristic ideals does not commute with base change in general, which can produce extra error terms.
Proposition 7.5. Let M be a finitely generated torsion module over a Noetherian normal domain R. Let x ∈ R be an element which satisfies the following conditions:
(1) R/xR is a normal domain (which implies that xR is a prime ideal); (2) x is contained in no prime ideal of height one in the support of M (which implies that M/xM is a torsion R/xR-module).
Then we have:
where (−) * * denotes the reflexive closure. The condition stated in the proposition implies that all relevant modules are torsion. First off, we claim that
For the proof of this equality, let {P 1 , . . . , P m } be a set of all height-one primes of R/xR which contain p(R/xR). Then the localization (R/xR) P i is a discrete valuation ring and
for all i. Then the above equality immediately follows from this. Thus, it suffices to prove the following equality:
which is an element in the group of all reflexive fractional ideals of R. By considering all torsion R-modules such that x ∈ R is contained in no height-one prime ideal in their support, we show that both sides of the above formula is multiplicative on short exact
be a short exact sequence of such R-modules. Then since the function ℓ(−) is additive, it follows that the right hand side of the above formula is multiplicative. On the other hand, there follows the exact sequence:
by the snake lemma. If p is a height-two prime ideal of R containing x ∈ R, we may localize the above exact sequence at p, so it follows that the left hand side of the above formula is multiplicative as well.
Hence we are reduced to the case that M = R/q for a prime ideal q by the prime filtration argument. Assume first that ht q = 1. Then we clearly have Supp(M) = {q}, M[x] = 0, and ℓ R q (M q ) = 1, because M q is a field. Now the formula is obviously true. Next assume that ht q > 1. Then it is easy to see that both sides of the formula are equal to a unit ideal, which completes the proof.
APPLICATIONS TO CHARACTERISTIC IDEALS
Our final goal is to prove Theorem 8.7. The aim of the main theorem is to establish some techniques, which enables us to study Iwasawa Main Conjecture (see [9] ), so we need to deal with local rings with finite residue field. Let (R, m, F) be a complete normal local domain of mixed characteristic with finite residue field. In other words, R is the 
To establish the fundamental theorem for characteristic ideals, we need to relate the torsion R-modules to the R O ur -modules and then descend to R by faithful flatness. The advantage of working with R O ur is that the residue field is infinite and perfect. We introduce some notation. Denote by Fitt A (M) the Fitting ideal of the A-module M. We make free use of results and notation from Appendix. 
L O sh such that the following conditions are satisfied:
The following equalities of ideals hold in R O ur /x a R O ur :
i is a fundamental pseudo-isomorphism. 
and for all P ∈ Spec R O ur with the property that x a ∈ P and ht P ≤ 2, we have N P = 0.
Proof. By definition, the module N is supported on a closed subset of codimension two in Spec R sh . So there are only finitely many height-two prime ideals contained in Supp N.
Hence it is sufficient to choose Q 1 , . . . , Q ℓ as height-two prime ideals in Supp N.
In the following remark, let us examine when equalities occur between various ideals in the condition (B).
Remark 8.3. Suppose M is a finitely generated torsion A-module. Then we have
(see Proposition 9.6 in Appendix). Take a fundamental pseudo-isomorphism:
for a (not necessarily redundant) finite set of height-one primes
In particular, the multiplication map:
as long as
where {Q i } 1≤i≤ℓ is specified as in Lemma 8. 
Proof. (1) : This is taken from ([8] , Lemma 3.4.), but we give its proof, as it requires some modifications. Let M null be the maximal pseudo-null submodule of M. Then we have the following commutative diagram with exact rows: is injective. So the snake lemma yields the following exact sequence:
There is a short exact sequence: Localizing this sequence at all height-two primes P of R O ur containing x a , a length computation for the sequence localized at P reveals that
On the other hand, Remark 8.3 shows that
Finally, since the multiplication on M/M null by x a is injective, we have an exact sequence:
Taking characteristic ideals to this exact sequence, we find that 
However, this part may be carried out in the same way as the final step of Theorem 4.3, so we leave the detail to the reader.
(2): We shall be done by completing inductive steps using (1) as follows. Let P be a fixed divisor of char R sh (M). Since P is a non-maximal prime ideal of R O ur , it corresponds to a non-empty Zariski open subset of P(F) and we may find x a 0 ∈ L O sh (M), which is not contained in P. Then this initial choice satisfies our requirement.
Choose x a 1 so that it is not contained in a finite set of prime divisors Min R O ur (P + x a 0 R O ur ) (which is possible due to dim R ≥ 3). Next, choose x a 2 so that it is not contained in the union of the finite set of prime divisors:
Hence we may keep this process and get a sequence x a 0 , x a 1 , x a 2 , . . . satisfying the required properties.
Let M be a module over a complete local domain R with O its coefficient ring and let O → O ′ be a torsion-free extension of complete discrete valuation rings. Then we set M O ′ := M ⊗ O O ′ , which coincides with our previous notation. Let M be a finitely generated torsion R-module. Then
which may be verified directly from the definition.
Lemma 8.6. Let M, N be finitely generated torsion R-modules. Then we have
Proof. The implication ⇒ is obvious. So let us prove the other implication. Since R → R O ur is ind-étale, it suffices to show that 
(2) For all but finitely many height-one primes:
there exists a finiteétale extension of discrete valuation rings O → O ′ such that we have x a ∈ R O ′ and
(3) For all but finitely many height-one primes:
we have
Note that dim R ≥ 3 holds automatically, due to the hypothesis depth R ≥ 3.
Proof. The implications (1) ⇒ (2) ⇒ (3) are obvious. So it remains to prove (3) ⇒ (1). By Lemma 8.6, it suffices to show that
Take fundamental pseudo-isomorphisms for M and N:
for a (not necessarily redundant) finite set of height-one primes {P i } (resp. {Q j }) of R O ur .
Put I M := (∏ i P e i i ) * * and I N := (∏ j Q f j j ) * * and the condition (B) allows one to assume that
To simplify the notation, assume that {P i } (resp. {Q j }) is a redundant set of prime ideals and all relevant modules are defined over R O ur . We make a step-by-step study to complete the proof. Let
be any infinite sequence of mutually distinct primes of R O ur satisfying the condition (3). In particular, we have i∈N x a i R O ur = 0.
Step1: Let us establish Supp ht=1 N ⊆ Supp ht=1 M, where Supp ht=1 (−) is the set of height-one primes contained in the support of a module. By assumption, we find that
for all i ∈ N. Fix a divisor Q k . Then for every fixed i ∈ N, in particular, we have
where Λ i is the set of symbolic powers associated to all minimal prime ideals of
The image of the natural map
Moreover, we have an injection:
Since Q k is a prime ideal and since we could have chosen the set {x i } i∈N such that the set of minimal primes divisors
is infinite in view of Lemma 8.5, it follows that
and thus we have 
In the general case, we prove by contradiction and thus, assume that I M I N . Then this implies that we have e k < f k for some k. Put
which are both integral reflexive ideals. There is a short exact sequence:
and it is clear that
which induces the following short exact sequences by the snake lemma:
Taking characteristic ideals, we get by the assumption (3) However, we deduce from these observations that I M ⊆ I N , which is a contradiction to our assumption I M I N . Hence, we obtain I M ⊆ I N , as desired. In this article, we presented an application of Bertini theorem to characteristic ideals.
However, we believe that the main theorem has more interesting applications such as the study of the restriction map on divisor class (Chow) groups.
APPENDIX
In this appendix, we study the relationship between Fitting ideals and characteristic ideals. For Fitting ideals, we refer the reader to Northcott's book [7] , but we review the basic part of the theory. Throughout, we assume that R is a Noetherian ring and M is a finitely generated R-module.
Definition 9.1 (Fitting ideal)
. Let the notation be as above and assume that
is a finite free resolution of the R-module M, where the mapping F 1 → F 0 is defined via a m × n-matrix X with rank(F 1 ) = n and rank(F 0 ) = m. Then Fitt R (M) is defined as an ideal of R generated by all m-minors of X.
The Fitting ideal does not depend on the choice of a free resolution and it enjoys the following properties. Proof. These facts are all well known. For (5), it simply follows from the elementary divisors of modules over a principal ideal domain.
For a Noetherian domain R and an R-module M, let M * := Hom R (M, R), the dual of M. We say that M * * is the reflexive closure of M. Then we have the following lemma. Note that even when I and J are reflexive, the product I · J need not be reflexive. Any principal ideal is reflexive. Let I be an ideal of a normal domain R. Then we recall the following fact:
where P ranges over all height-one primes of R. The natural inclusion I → I * * is a pseudo-isomorphism, since I P → (I * * ) P = (I P ) * * for every height-one prime P ⊆ R. The following lemma explains the naturality of reflexive ideals and gives a way to investigate the inclusion relation between characteristic ideals.
Lemma 9.4. Let R be a Noetherian normal domain and let I and J be reflexive ideals. Then I ⊆ J if and only if v P (I) ≥ v P (J) for a valuation v attached to every height-one prime P of R. In particular, the only reflexive integral ideal containing a prime ideal of R properly is R itself.
We defined characteristic ideals as reflexive ideals and this is natural from the viewpoint of Iwasawa theory, because the most interesting arithmetic information may be captured at height-one primes. For finitely generated torsion R-modules M, N, it follows from the above lemma that char R (M) ⊆ char R (N) if and only if char R (M) P ⊆ char R (N) P for every height-one prime P ∈ Supp(M) ∪ Supp(N).
Example 9.5. Suppose I is reflexive and let a ⊆ R be such that R/a is a normal domain. Then I(R/a) need not be reflexive. For a general ideal I ⊆ R, it can happen that (I(R/a)) * * = (I * * (R/a)) * * .
Here, I * * is the reflexive closure with respect to R and (I(R/a)) * * is the reflexive closure with respect to R/a. Let us take a look at the following simple example. Take R = Z p [[x, y] ], I = (x, y), and a = (x). Then (I * * (R/a)) * * = R/xR, since there is no heightone prime of R containing I. But (I(R/a)) * * = y(R/xR). (1) Let M be a finitely generated torsion R-module. Then we have
In particular, Fitt R (M) ⊆ char R (M) and if R is a UFD, then Proof. (1) : Since the characteristic ideal is reflexive, the first equality follows by taking localization at all height-one primes of R. The second equality follows from the fact Fitt R P (M P ) = (PR P )
for any height-one prime ideal P ⊆ R. The second assertion is due to the fact that a height-one prime in a UFD is principal.
(2): This is clear, since the length is additive with respect to short exact sequences. (2) . In fact, x 2 / ∈ p 2 , but p (2) = (x 2 ).
Now let q = (xy, y 2 ) and M = R/(p ∩ q), which is torsion over R. Then one verifies that
which tell us that Proposition 9.6 (1) is the most optimal.
